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Abstract. We present a systematic method for evaluation of perturbation observables in
non-canonical single-field inflation models within the slow-roll approximation, which allied
with field redefinitions enables predictions to be established for a wide range of models. We
use this to investigate various non-canonical inflation models, including Tachyon inflation
and DBI inflation. The Lambert W function will be used extensively in our method for the
evaluation of observables. In the Tachyon case, in the slow-roll approximation the model can
be approximated by a canonical field with a redefined potential, which yields predictions in
better agreement with observations than the canonical equivalents. For DBI inflation models
we consider contributions from both the scalar potential and the warp geometry. In the
case of a quartic potential, we find a formula for the observables under both non-relativistic
(sound speed c2s ∼ 1) and relativistic behaviour (c2s  1) of the scalar DBI inflaton. For a
quadratic potential we find two branches in the non-relativistic c2s ∼ 1 case, determined by the
competition of model parameters, while for the relativistic case c2s → 0, we find consistency
with results already in the literature. We present a comparison to the latest Planck satellite
observations. Most of the non-canonical models we investigate, including the Tachyon, are
better fits to data than canonical models with the same potential, but we find that DBI
models in the slow-roll regime have difficulty in matching the data.
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1 Introduction
The slow-roll expansion has proven a powerful tool for calculating perturbation observables
in inflationary cosmologies, and its likely applicability is now strongly supported by the ob-
served near scale-invariance of scalar perturbations and the increasingly strong upper limits
on the tensor-to-scalar ratio. In the case of canonically-normalized single-field models this
formalism, first set down in Ref. [1], readily generates results that can be set against ob-
servations such as the recent data compilations provided by the Planck Collaboration [2].
It results from an expansion in the Mukhanov equations [3] that describe scalar and tensor
perturbations, which can be solved using Hankel functions. The formalism can be extended
to higher order in the small slow-roll parameters [4–8]), and various non-slow-roll approaches
exist such as the δN formalism [9] and the approaches of Refs. [10–12], which are often useful
in non-gaussianity investigations [13]. For the power spectra themselves, however, the simple
slow-roll approach is typically valid.
There is ongoing interest in the possibility that inflation may be driven by a single
field which does not possess a canonical kinetic term, usually referred to as k-inflation [14],
examples being the Tachyon and the Dirac–Born–Infeld (DBI) field, or the Galileon infla-
tion theories as discussed in Refs. [15–17]. This motivation is in large part theoretical, but
additional observational impetus is being created due to the tightening upper limits on the
tensor contribution, as even simple non-canonical models can shift predicted observables
closer to scale invariance, e.g. Refs. [18–20]. The slow-roll formalism is readily extended to
non-canonical single-field models [21–23] (see Ref. [24] for recent developments). However, for
specific models the calculations necessary to determine the observables may be algebraically
challenging.
In this article we propose a new systematic algorithm for carrying out these calculations,
through a reframing of the evolution equations in a recursive form and use of field redefinitions
to simplify the Lagrangians. We deploy it for a range of non-canonical models to generate
theoretical predictions that we set against contemporary observations. The new algorithm
will frequently involve the Lambert W function in order to evaluate desired observables such
as the power spectrum and its index. The results from our algorithm give an interpretation
of the numerical results, in particular the degeneracy of model parameters [18, 25]. The
algorithm also provides another view on reconstructing the inflation model in respect of the
observational data, such as those from Planck and future data from Euclid.
We begin by introducing the framework of the proposed algorithm in Section 3, and
present the predictions for the power spectrum and its spectral index for various models. We
implement the analytic methods in Section 4. We will discuss our results for some models in
Section 5, then model parameter estimations are studied in Section 6 as the result of applying
those techniques. We summarise in Section 7, including a few words on future exploration
and possible applications of our algorithm.
2 The Models
The general Lagrangian for a single-field model with second-order field equation is an arbi-
trary function p(X,φ) of the scalar field φ and its kinetic energy X ≡ 12∂µφ∂µφ. In addition
to the general case, in this paper we will consider four specific Lagrangians within this class:
1. Canonical field with potential V (φ):
p(X,φ) = BX − V (φ) , (2.1)
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where we add the coefficient B denoting the coupling strength of the kinetic energy,
though traditionally it is set to 1.
2. Non-canonical inflation (NCI) model: This features an arbitrary power on the kinetic
term and was studied in Refs. [18–20, 26], the Lagrangian being
p(X,φ) = BXn − V (φ) , (2.2)
where n is a positive integer (equal to 1 in the canonical case).
3. Tachyon model: The Tachyon model was introduced in Refs. [27, 28], and later studied
in Refs. [29–32]. Its Lagrangian is
p(X,φ) = −V (φ)
√
1− 2λsX , (2.3)
where the warp factor λs is a constant.
4. DBI inflation model: Its Lagrangian is given by
p(X,φ) = − 1
f(φ)
√
1− 2f(φ)X − V (φ) , (2.4)
where we follow Ref. [33] and take the warp factor f(φ) ' λs/φ4 with λs constant.
Some authors, e.g. Ref. [34], include an additional term 1/f(φ) to cancel the leading-
order term from expanding the square root. We have absorbed such a term into V (φ).
Investigations of this model include Refs. [35, 36, 38]; in particular Ref. [39] contains a
detailed study of one particular regime of this model.
The sound speed is defined as
c2s =
δp
δρ
=
∂p/∂X
∂ρ/∂X
, (2.5)
and one can show that for both non-canonical inflation models it is cs =
√
1− 2f(φ)X,
where the warp factor takes the unified form as f = f(φ). This factor is constant in Tachyon
models, and a function of the scalar field in the DBI inflation models.
We investigate the observables of interest, being the power spectrum Pζ , its spec-
tral index ns, and the tensor–scalar ratio r, within the slow-roll approximation. Following
Refs. [14, 21] (see also Refs. [36] and [37] for more precise computations of the spectra), these
are given by
Pζ =
1
8pi2
H2
cs
, (2.6)
ns − 1 = d lnPζ
d ln k
= −(2+ η + s) , (2.7)
r = 16cs , (2.8)
where the various small parameters are defined by
 = −d lnH
Hdt
, η =
d ln 
Hdt
, s =
d ln cs
Hdt
. (2.9)
In this paper, for each case we will focus on power-law potentials, either with general exponent
m or the simplest cases V = 12M
2φ2 and V = 14λφ
4. Also we take the reduced Planck mass
M2Pl = 1 for convenience, for instance in the expression for Pζ .
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We do not make an extensive discussion of non-gaussianity in this article, as the theory
of non-gaussianity in these models is already well developed, and for instance has been applied
to DBI models in the recent Planck analysis of Ref. [40]. It is well known that non-canonical
models are a way of generating detectable non-gaussianity, of equilateral shape. But this by
no means implies that typical non-canonical models do; it takes quite some effort to obtain
a non-gaussianity parameter above unity. By contrast, if one analyses simple potentials and
kinetic terms, as we do in this article, typically the non-gaussianity remains small due to
slow-roll suppression. This is true of all but one of our models, the exception being the DBI
in the relativistic case where the constraint has already been provided in Ref. [40]. Hence
accurate calculations of the scalar and tensor power spectra, as provided here, are the only
way to constrain these models at present.
3 The General Systematic Method
Here we propose a systematic method in the slow-roll regime to obtain and express the final
solutions for observables, such as the power spectrumPζ and spectral index ns, as a function
of e-folds N .
3.1 General formula for the spectral index ns
We continue with the general Lagrangian L = p(φ,X), noting for later use that any field
redefinition to a new field ϕ, that is a function of φ and whose kinetic energy density is
X˜ = 12∂µϕ∂
µϕ, still leaves the Lagrangian as a general function p˜(ϕ, X˜) and hence results in
the same field equations in the new variables.
We write down the energy density of the universe, ρ, as usual [14, 21]
ρ = 2Xp,X − p . (3.1)
The Friedmann equations are
H2 =
ρ
3
, H˙ = −Xp,X , (3.2)
where we continue to use the convention M2Pl = 1.
We now define a variable u by
u :=
1

=
H2
Xp,X
. (3.3)
We will use Eqs. (3.1), (3.2), (3.3) and their derivatives to obtain the observables for the
considered inflationary scenarios in the slow-roll regime.
Eq. (3.2) gives the continuity equation
ρ′ = 3(ρ+ p) = 6Xp,X , (3.4)
where ′ indicates derivative w.r.t. the e-folds N , which as usual are counted backwards from
the end of inflation. According to Eqs. (3.3) and (3.4) we can write
2
u
=
ρ′
ρ
. (3.5)
This compact form suggests that typically  = 1/u ∝ 1/2N , in view of dimensional analysis.
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We wish to write the density of the Universe as
ρ = ρ(V (φ), u) , (3.6)
so that X and X˙ will play the role of simplification in recursion relations for u and u′, etc.
This form is general but useful, since it indicates that the considered quantities, such as the
power spectrum, are determined by the potential and a small parameter 1/u. The final result
can be obtained by the perturbation method in terms of the small parameters coming from
u and its derivatives (here , η, cs, s). Once we find the solution for the quantity u we can
then obtain the potential via Eq. (3.5), where it is a first derivative w.r.t. the scalar field φ.
To find an expression for u without assuming a particular form of the Lagrangian, we
differentiate Eq. (3.3) w.r.t. N to obtain
u′
u
=
2
u
− X
′
X
1 + c2s
2c2s
− p,Xφ
p,X
φ′ . (3.7)
In deriving this equation, we have applied the relation 1/c2s = 1 + 2Xp,XX/p,X .
Differentiating Eq. (3.5) w.r.t. N ,
− u
′
u
=
ρ′′
ρ′
− ρ
′
ρ
=
2
u
(
ρ′′ρ
ρ′2
− 1
)
, (3.8)
and the relation X = 12H
2φ′2 gives
X ′
X
= 2
(
φ′′
φ′
+
1
u
)
. (3.9)
Equation (3.9) can be used to eliminate the field-dependent terms, such as X ′/X and φ′/φ,
which are present in Eqs. (3.7) and (3.8).
The quantity u′ has a clear meaning, namely
u′ =
η

. (3.10)
Once u is obtained, we will have an explicit relation between η and .
3.1.1 Exact formula for u(cs)
We now use Eq. (3.4) to reformulate Eq. (3.7) as,
u′ = 2
(
1− u
2
p,Xφφ
′
p,X
)
− 3(1 + c2s )
(
1− u
2
ρφφ
′
ρ
)
u . (3.11)
Equation (3.11) is derived from the field equation without any assumptions or model specifi-
cation. It is general and has a quite symmetric form, from which we can get some descriptive
results by inserting or approximating Eq. (3.5). For example, qualitatively, if one approxi-
mates ρ ∼ V , then for the following two models we will have
• Canonical inflation
This type of inflation model has Lagrangian L = X − V (φ). Then according to the
equation above, we will have  = 1/2N , and η = 2 = 1/N , due to
p,Xφ ≡ 0 , 2
u
' ρφφ
′
ρ
=
V,φφ
′
V
. (3.12)
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• Tachyon models
The Lagrangian for this model is L = −V (φ)√1− 2λsX, where λs is a constant. As
in the analysis above, we find  = const. due to,
p,Xφφ
′
p,X
≡ V,φφ
′
V
≡ ρφφ
′
ρ
' 2
u
. (3.13)
The outcomes are concise, but the approximate results of Eqs. (3.12) and (3.13) are only
for qualitative understanding. We cannot make this approximation to eliminate any term in
Eq. (3.11). The evolution equation for u is derived from the exact equation of motion, and
if one wants to make an assumption on any term in Eq. (3.11), one must also rederive the
evolution equation for u. In the next subsection we address this issue. Therefore, although we
have obtained this equation, it does not yet lead to a clear understanding for the observables
for given model.
3.1.2 Predictions within the slow-roll approximation
We need to derive a suitable equation for u. In the following, we will apply a well-defined ap-
proximation scheme to derive results based on Eqs. (3.3), (3.4), (3.7), and (3.8). In obtaining
the observables, we use the variable u and its derivatives.
In the slow-roll regime, the following equation is obtained after expanding Eq. (3.4)
ρ,φφ
′ ' 6Xp,X . (3.14)
Then Eq. (3.5) can be written as
2
u
=
ρ,φφ
′
ρ
, (3.15)
Then the full Eq. (3.11) will not applicable because it is derived from the full equation of
motion for scalar field. We need to find the derivative of X ′ from Eq. (3.14) in order to get
a similar equation for  and cs, by eliminating X
′/X in Eq. (3.7). In view of this, we obtain
the following equation,
2
u
ρ,φφρ
ρ2,φ
+
φ′′
φ′
=
X ′
X
1 + c2s
2c2s
+
p,Xφφ
′
p,X
. (3.16)
We also define a variable δ,
δ ≡
(
ρ,φφρ
ρ2,φ
− 1
2
)
, (3.17)
for later convenience. Assembling Eqs. (3.7), (3.9), (3.14), (3.16), and (3.17) we eliminate
Xp,X , φ
′′/φ′ and X ′/X, but we keep the sound speed cs as it can be related to the variable
u. After some effort, we can obtain the final result for Eq. (3.7),
u′ = 2
[
1− δ(1 + c2s )
]
+
p,Xφφ
′
p,X
uc2s . (3.18)
As we have noted in Eqs. (3.12) and (3.13), the last term in the above equation can now be
approximated and then the whole equation can be simplified and solved.
3.2 Predictions for two classes of models
Using Eq. (3.18) we consider some classes of inflation models. Unless explicitly stated, the
following discussion will consider a monomial potential of the form V ∝ φm. This will provide
a constant δ = 1/2− 1/m, independent of the field value itself.
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3.2.1 Variable separable class
This class of inflation models includes two subclasses: Sum-Separable Models (SSMs) and
Product-Separable Models (PSMs).
? SSMs: Here we have separate terms for φ and X which are added together, for example
L = BXn − Aφm.1 In this class, similarly to Eq. (3.12), we have the following useful
relations
ρ(V (φ), u) =
V (ϕ)
1− 1/3u , p,Xφ ≡ 0 , c
2
s ≡
1
2n− 1 , (3.19)
which can be substituted into Eq. (3.18). Then we can obtain a compact form, recov-
ering the results we found for this model in Ref. [18]:
u′ = 2
β
m
, β =
(n− 1)m+ 2n
2n− 1 . (3.20)
Solution for u: According to the equation above, the solution is explicitly obtained as
 =
m
β
1
2N
. (3.21)
We have a model independent η according to Eqs. (3.10), (3.20) and (3.21),
η = 2
β
m
 ≡ 1
N
, (3.22)
under the linear assumption by considering only the leading-order small parameter,
such as . We see that the parameter  depends on the exponents m and n of the given
model, while the parameter η does not.
Power spectrum Pζ , spectral index ns, and tensor-to-scalar ratio r: Now that we have
obtained the solution for u expressed by Eq. (3.21), we can use Eqs. (3.14), (3.15),
and (3.20) to find the scalar potential V = Aφm in terms of e-folds N . We recall that
Eq. (3.14) gives the slow-roll prediction
V ′ = 61−nnB
V n−1
(βN)2n
(
V
A
)2n/m
, (3.23)
and Eq. (3.15) gives
ρ′
ρ
' V
′
V
=
2
u
. (3.24)
Finally we obtain the potential V as
V =
(
m6n−1
n
A
2n
m
B
)m
β
1
2n−1
(βN)m/β . (3.25)
1Actually when the kinetic term consists of a single monomial term, any constant prefactor can readily be
set to unity without loss of generality by a field rescaling.
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Therefore we can now write down the power spectrum from Eq. (2.6) and its spectral
index from the Eq. (2.7),
Pζ =
√
2n− 1
12pi2
β
m
×
(
mβ2n−16n−1
n
A
2n
m
B
)m
β
1
2n−1
×N mβ +1 , (3.26)
ns − 1 = −2
(
1 +
m
β
)
× 1
2N
, (3.27)
r = 16
m
β
1
2N
. (3.28)
? PSMs: These take the form L = −K(X)V (φ) where both K(X), V (φ) > 0, the
Tachyon being an example. We will still have the following relations, analogous to the
case in Eq. (3.13),
ρ,φ ∝ V,φ , p,Xφφ
′
p,X
≡ V,φφ
′
V
=
2
u
, (3.29)
which leads Eq. (3.18) to be,
u′ = 2(1− δ)(1 + c2s ) . (3.30)
Here we have an implicit function, the sound speed c2s = c
2
s (u). To get an explicit
result for model observables, such asPζ and ns−1 via this differential equation (3.30),
we first need to specify the particular form of c2s in terms of u. In general it is not
straightforward to solve this equation due to the undetermined sound speed, but this
is possible for the Tachyon Models as presented in Section 4.1.
3.2.2 A more general ansatz
Not all Lagrangians are sum or product separable, of course; the Tachyon is product-separable
but the DBI case is neither. To set up formalism to deal with the latter, we consider the
more general Lagrangian
L = − (W (φ)K(X) + U(φ)) . (3.31)
This contains the SSM and PSM as special cases, respectively W constant and U ∝W . In its
conventional form, Eq. (2.4), the DBI model does not take this form, but we will show below
that it can be written in this form via a field redefinition. Although we will not undertake
a general study for the above ansatz, due to the complexity of the analysis, we will use the
DBI case to illustrate our procedure on Lagrangians of this class.
4 Application of the Systematic Method to Two Models
4.1 Tachyon models
We now consider the Tachyon model given by Eq. (2.3) and apply Eq. (3.30). At this point
we don’t have to impose any simplification since the Lagrangian already takes the product-
separable form. However, we will implement a field-redefinition approach to rederive these
results in a different way in Section 5.1.
For this type of model, the relation between u and the sound speed cs is
 =
1
u
=
3
2
(1− c2s ) , (4.1)
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while the energy density ρ is
ρ(V (φ), u) =
V (φ)√
1− 2/3u ' V (φ) . (4.2)
Then we can solve for u according to Eq. (3.30), which can be written as
u′ = 4µ
(
1− 1
3u
)
, µ = 1− δ = 1
2
+
1
m
. (4.3)
The solution for  = 1/u is therefore
N =
1
4µ
[
1

+
1
3
ln
(
3

− 1
)]
. (4.4)
The solution can be inverted using the Lambert W function2 so we will have,
u =
1

= 1 +W (ex−1) , x = 12µN . (4.5)
[The Lambert function is not really necessary here, but we use this method as it is required
in later parts of this article.] As µ is of order one, x 1 for any N of interest, which means
that  1 will always hold. Then we can obtain the following relations
 =
1
2µ
1
2N
, (4.6)
η = 4µ
(
1− 
3
)
=
1
N
(
1− 1
6µ
1
2N
)
' 1
N
. (4.7)
To find the power spectrum, we need to find the relation of φ to N . To achieve this, we
combine Eq. (3.14) with Eqs. (3.29), (4.1), and (4.6) and find the potential V in terms of N
and the model parameters A, λs,
V = κN1/2µ , κ =
(
2m2µ
csA
2µ−1
λs
)1/2µ
. (4.8)
According to Eq. (2.6) the scalar power spectrum is
Pζ =
1
12pi2
c1/2µ−1s ×
(
m2(2µ)1+2µ
A2/m
λs
)1/2µ
×N1+1/2µ . (4.9)
The spectral index receives contributions from the last term and also from the time
variation of the sound speed cs, but we will now see that the latter term does not contribute
at lowest order in slow-roll. To check this, we need s which is
s = −c
′
s
cs
=
1− c2s
2c2s
X ′
X
. (4.10)
2Two useful properties of the Lambert W function [41] are W (e) = 1 and its asymptotic behaviour for any
real x ≥ e [42],
L1 − L2 + 1
2
L3 ≤ W (x) ≤ L1 − L2 + e
e− 1L3
where L1 = lnx, L2 = ln lnx, L3 = L2/L1.
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Combining with u′ from Eq. (3.18), we have
u′ = −1 + c
2
s
2c2s
X ′
X
u , (4.11)
and therefore
s = η
−/3
1− /3 = −
4
3
µ2 ,
X ′
X
= 4(δ − 1)c2s . (4.12)
The spectral index is then
ns − 1 = −(2+ η + s) = −(2 + 4µ)+ 8
3
µ2 . (4.13)
Retaining only the lowest-order terms in slow-roll, as required for consistency as only those
have been included throughout, we have the spectral index ns and r as
ns − 1 = −2m+ 2
m+ 2
1
N
, (4.14)
r =
8cs
µ
1
2N
' 8m
m+ 2
1
N
. (4.15)
This indicates that the spectral index is always red tilted, ns < 1, in Tachyon models. The
number of e-folds between observable perturbation generation and the end of inflation, usually
taken to be N ' 50 [43]. So take an example for quadratic potential where m = 2, we will
have ns = 0.97 and r = 0.08 at pivot N∗ = 50.
4.2 DBI inflation models
The DBI action, as already given in Eq. (2.4), is
p(φ,X) = − 1
f(φ)
√
1− 2f(φ)X − V (φ) , (4.16)
where the sound speed cs =
√
1− 2f(φ)X and the warp factor is f(φ) = λs/φ4. If the last
term V is zero the model reduces to the Tachyon model with a constant potential, but we
are not interested in this case here; instead we are going to discuss a more general case in
the following subsections.
4.2.1 Field redefinition
To proceed with our investigation using the method of the previous sections, and in view
of simplifying the later calculations, we apply a field redefinition ϕ = 1/φ to the DBI ac-
tion (2.4). A variant of this technique will also be used in studying the Tachyon model in
Section 5. However, we will now focus on the current case, where the Lagrangian for DBI
inflation with a potential V = Aφm becomes
ϕ =
1
φ
, W (ϕ) =
1
ϕ4
, V˜ (ϕ) = Aϕ4−m , (4.17)
L = −W (ϕ)
(
1
λs
c˜s + V˜ (ϕ)
)
, c˜s =
√
1− 2λsX˜ . (4.18)
The notation X˜ stands for the kinetic term after applying the field redefinition. With this
new field definition, the DBI action falls in the class defined by Eq. (3.31).
– 10 –
The energy density ρ is
ρ = W (ϕ)
(
1
λscs
+ V˜ (ϕ)
)
=
3
2
W
λs
1− c2s
cs
u . (4.19)
We have a sound speed (for later convenience, we use the same notation cs for sound speed
instead of c˜s) which is of the same form as for the Tachyon. The above action in Eq. (4.18)
will induce an equation of motion,
ϕ¨
c2s
+ 3Hϕ˙+
[
W ′
W
1
λs
+ csV˜
(
W ′
W
+
V˜ ′
V˜
)]
= 0 . (4.20)
Rearranging Eq. (4.20) it can be reformulated as
ϕ¨
c2s
+ 3Hϕ˙+
W ′
λsW
[
1 + λscsV˜
(
1 +
V˜ ′
V˜
W
W ′
)]
= 0 , (4.21)
where the Hubble rate is
H2 =
u
2
W
λs
1− c2s
cs
. (4.22)
Also Eq. (4.21) suggests the same form as the Tachyon, if the potential V is constant.
4.2.2 Predictions for the quartic potential
In this section we will consider the quartic potential V = λ4φ
4, which will provide a simple
form of differential relation in Eq. (3.30) for u = 1/ and its first derivative. We can write
ρ =
W (ϕ)
λscs
(1 + αcs) , α = Aλs =
λsλ
4
= const , (4.23)
δ =
W,ϕϕW
W 2,ϕ
− 1
2
≡ 3
4
,  =
3
2
1− c2s
1 + αcs
. (4.24)
Unlike the case of Tachyon models, for the quartic potential model in DBI inflation we have
a constant δ. We now have the approximate equation for relation (3.14),
2
u
=
ρ,ϕϕ
′
ρ
≡ W,ϕϕ
′
W
=
p,X˜ϕϕ
′
p,X˜
. (4.25)
Also, we can readily solve Eq. (4.25) so that we can write down the power spectrum Pζ and
its spectral index ns. This is simplified because of the field redefinition, in contrast to the
conventional treatment where one could not get a slow-roll solution for Pζ etc. According
to Eq. (3.14) and Eqs. (4.21) and (4.25) we have3
3X = 
1 + αcs
λs
, (4.26)
which then solves ϕ and the redefined warp factor W (ϕ),
W = 64c2s
1
2
. (4.27)
3One can just expand Eq. (4.24) to obtain this relation, but for consistency of our treatment we present
the same procedure as followed in the previous sections.
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Then we have Pζ as
Pζ =
8
3pi2
1 + αcs
λs
1
3
. (4.28)
Now we notice that there is another relation for  in Eq. (4.24), so the above expression can
be written in another equivalent form,
Pζ =
4
pi2
1− c2s
λs
1
4
. (4.29)
These formulae may be used interchangeably. Considering the two asymptotic limits for the
sound speed cs = 0 or 1, either of the above leads to the prediction for the power spectrum.
In the limit cs ∼ 1, Eq. (4.28) straightforwardly indicates the leading dependence for Pζ
of order 1/λs
3, while in the case cs → 0 we may use the second expression for the power
spectrum Pζ by Eq. (4.29). This alternative equation is more useful in some cases. For
example, providing no knowledge about the model parameter degeneracy which is encoded
in α, we cannot obtain good insight from Eq. (4.28) in the cases where the limits cs → 0 or
α→ 0 are approached. On the contrary, Eq. (4.29) will tell us the prediction in spite of cs or
the degenerate combination α. And in the limit of cs ∼ 0, we will obtain the usual prediction
for the power spectrum Pζ = 4/pi
2λs
4 when the inflaton field moves relativistically in DBI
inflation.
We would however like to go further in obtaining the expression for Pζ for the reason
that in either of the expressions above, which have two or three small parameters, it remains
unclear where the model degeneracies lie. Therefore, as in previous sections, we are going to
find an expression for u in terms of e-folds N . To do this, following Eq. (3.30), we obtain a
similar equation for u
u′ =
1
2
(1 + c2s ) . (4.30)
However, as u is a rational function of cs (see Eq. (4.24)), we will use another approach to
obtain the solution for u.
Assembling all of Eqs. (3.7), (4.18), and (4.25), we will have the ODEs below
u′
u
= − X˜
′
2X˜
1 + c2s
c2s
−
(
2
u
− p,X˜ϕϕ
′
p,X˜
)
, (4.31)
c′s
cs
= −1− c
2
s
c2s
X˜ ′
2X˜
= −s . (4.32)
We turn to investigate the evolution equation (4.32) for the sound speed, whose evolution is
very simple due to the field redefinition to ϕ-field space.
We can solve the relation for X˜ ′/X˜ by using Eqs. (4.25), (4.30), and (4.31)
X˜ ′
X˜
= −c
2
s
u
, (4.33)
then we get the evolution equation for sound speed cs,
c′s =
3
4
(1− c2s )2
1 + αcs
cs . (4.34)
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The solution is obtained as follows
N =
1

+
2
3
(
ln
c2s
1− c2s
+
α
2
ln
1 + cs
1− cs
)
. (4.35)
We are interested in the predictions in the different limits of the sound speed c2s , although
we cannot explicitly invert the general results.
? Non-relativistic case
It is not generally possible to invert the relation for  and the e-folds N since α is an
important parameter. Then we will not have the full expression for the scalar power
spectrum. However, in the non-relativistic case the condition c2s ∼ 1 can be applied
such that the latter terms are negligible. So we will have the approximate solution for
 ' 1/N . Then by this relation, we obtain the redefined scalar field ϕ,
W (ϕ) = τN2 , τ = 64c2s . (4.36)
Finally we have the scalar power spectrum by Eq. (2.6) as4
Pζ ' 8
3pi2
1 + α
λs
N3 ∝
(
A+
1
λs
)
N3 . (4.37)
Therefore we can obtain the spectral index
ns − 1 ' − 3
N
. (4.38)
This relation can also be derived from the differential system. We can evaluate the two
small parameters according to Eqs. (3.10), (4.30), and (4.32),
η =
1 + c2s
2
 , s = −1− c
2
s
2
 , (4.39)
to obtain the spectral index which is then presented as,
ns − 1 = −(2+ η + s) = −(2 + c2s ) , (4.40)
in terms of  and cs. From Eq. (4.40) we find that for a quartic potential the spectrum
is always red tilted, since 2 + c2s > 0 is always satisfied regardless of the warp strength
or the mass of the scalar field. Also if the DBI scalar field rolls asymptotically in the
manner of a canonical field in which c2s → 1, then we have ns → 1 − 3/N∗ = 0.94 at
N∗ = 50. This result is obviously recovered due to the canonical-like inflation with a
quartic potential.
One should note that the relation in Eq. (4.40) does not require any limit for cs. It
can also be applied when c2s  1, but if that is the case we should modify the value for
 ' 2/N . We will see this below.
4To determine τ , we applied Eq. (3.15). It is a bit tricky to determine the constant τ in this case. This
relation is for c2s → 1; one should replace 1 − c2s with (1 + αcs) via the definition of . Then one finds this
proportionality coefficient is exactly 64c2s .
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? Relativistic case
The behaviour of DBI inflaton can be relativistic, which corresponds to the limit c2s  1.
In this case, we can also use the method from this section. Unlike the case of c2s → 1
we only need to approximate  ∼ 2/N .5
Therefore, we can write down the relation for the redefined scalar field ϕ, the scalar
power spectrum and its spectral index as follows
W = ξN4 , ξ '
(
3
α
)2
, (4.41)
Pζ =
1
4pi2
1
λs
N4 , (4.42)
ns − 1 = − 4
N
. (4.43)
To derive the proportionality constant in Eq. (4.41), we have used the speed limit rela-
tion λsϕ˙
2 ∼ 1. While deriving Eqs. (4.41) and (4.42), we have also applied the relation
αcs ' 3/2 for this relativistic case. These relations can be obtained by inserting c2s  1
into Eq. (4.24). The sound speed in this scenario is constrained by non-gaussianity to
be greater than about 0.07 [40].
Since we can have slow-roll solutions for  in each case, we can just substitute either solution
to the power spectrum into Eq. (4.28) or Eq (4.29). Eventually we will have the predictions
as above. We can see both predictions for the power spectrum for DBI inflation with quartic
potential are valid. However, the first one (4.28) will reduce to the conventional canonical
inflation with quartic potential in the non-relativistic limit, while Eq. (4.29) will give the
prediction for it in the relativistic limit.
4.3 Comparison to Planck constraints
We have studied several models and derived their predictions within the slow-roll approxi-
mation. Now we present these predictions by visualising them against the latest constraints
on inflation models compiled by the Planck collaboration [2]. The Planck+WP observational
data favours a concave potential for viable canonical inflation models and limits the tensor-
to-scalar ratio below r = 0.11 at 95% confidence. In Figure 1 we can see that for canonical
inflation models with the polynomial potential V ∝ φm, the m = 3, 4 cases are ruled out
by the observational requirements, while potentials with m = 2/3, 1, 4/3 and 2 are within
95% confidence, though at N∗ = 50 the quadratic potential (m = 2) lies outside the 95%
confidence region [2].
This plot shows two of our models. The first is the NCI model where the Lagrangian
has the form L = BX2 − V (φ), where both quadratic potential (red diamond) and quartic
potential (green diamond) are located within the observationally-permitted region. The
second is Tachyon inflation; the figure shows that the quadratic potential (red triangle) is
well within the permitted region, while the quartic potential is marginal with only the large
e-foldings case N∗ = 60 lying within the 95% confidence region.
The polynomial potential in NCI-X2 models and Tachyon inflation model can be consid-
ered as reshaped by the non-canonical term, and these reshaped potentials can correspond to
5This relation can be obtained either from Eq. (4.34) by inserting c2s → 0, or using limiting properties for
the third term in Eq. (4.35) which is log 1+cs
1−cs → 2cs. In this limit, we will infer another relation for αcs ' 3/2.
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Figure 1. Slow-roll predictions for several inflation models alongside constraints from Planck and
other probes. [Based on an image from Ref. [2], original image credit ESA/Planck Collaboration.]
standard inflation models. In X2 models the quadratic potential is reshaped to m ∈ (2/3, 1)
and the quartic potential to m ∈ (1, 4/3). In Tachyon models, the quadratic potential is
reshaped to m = 1 and the quartic potential to m = 4/3. This reshaping in Tachyon models
can be found in the following section.
One may infer from the figure that if the inflaton rolls in a polynomial potential V ∝
φm/m with higher m, the higher-order kinetic term Xn in NCI models may be supported
by current observational datasets such as Planck and BAO. These models can potentially
give significant non-gaussianity while satisfying power spectrum constraints, since large non-
gaussianity occurs via a small sound speed cs, which the NCI-X
n models can provide with
c2s = 1/(2n− 1).
5 Implementation Methods for Particular Cases
For some particular models, there may be more direct treatments. For example for Tachyon
models, we can take advantage of a field redefinition, along with the assumption  1 which
in turn implies that cs → 1. This method leads the same prediction as those obtained in
Section 4, as we show next. For DBI inflation with a quadratic potential, the methods in
Section 4 require a lot of effort in order to obtain the observables, but initially applying a
slow-roll assumption gives results for the model predictions. The following methods can be
considered as an implementation of the systematic approach in Section 3.
5.1 Field redefinition in Tachyon models
A more direct approach to the observables is possible for Tachyon models, as a combination
of the slow-roll approximation and a field redefinition allows the theory to be approximated
by a canonical Lagrangian. Starting from
P (X,φ) = −V
√
1− 2λsX, (5.1)
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and making the slow-roll assumption λsX  1, we can approximate it by a different non-
canonical model with Lagrangian
P (X,φ) ' V λsX − V. (5.2)
This can be transformed to a canonical action if we can find a new field ϕ, with corresponding
kinetic energy X˜ = 12∂µϕ∂
µϕ, such that X˜ = V λsX. This can be done in principle for any
well-defined potential, though not always analytically. Again focussing on the monomial
potential V (φ) = Aφm, the required transformation is
ϕ =
2
√
Aλs
m+ 2
φ1+m/2 , (5.3)
so that we have V (ϕ) as,
V (ϕ) = ϕ
2m
m+2
(
m+ 2
2
A
1
mλ
− 1
2
s
) 2m
m+2
. (5.4)
By completing the above transformation, then the original Lagrangian (5.1) can be rewritten
within this approximation as
P (X,φ)→ P˜ (X˜, ϕ) = X˜ − A˜ϕ 2mm+2 , (5.5)
where the normalisation coefficient became
A˜ =
(
m+ 2
2
) 2m
m+2 (
A1/mλ−1/2s
) 2m
m+2
. (5.6)
The usual results for canonical inflation with V (ϕ) ∝ ϕα then apply, giving a spectral index
and tensor–scalar ratio of [1]
ns − 1 = −2 + α
2N
= −2m+ 2
m+ 2
1
N
, (5.7)
r =
4α
N
=
8m
m+ 2
1
N
. (5.8)
These match the results we found in Section 4.1.
We therefore conclude that, provided our slow-roll assumption holds, a power-law po-
tential in a Tachyon model behaves as if it were a canonical model but with a different power
which is smaller (and indeed never bigger than 2). For example, the quadratic potential
m = 2 rescales to a linear potential V (ϕ) = 2
√
A/λs ϕ, while the quartic potential m = 4
rescales to
V (ϕ) =
(
3A1/4√
λs
)4/3
ϕ4/3 . (5.9)
The upper limit for the rescaled potential is the quadratic type V (ϕ) = Aˆϕ2, which in
canonical inflation is well explored and permitted by present data including that from the
Planck satellite [2]. Consequently, as long as the slow-roll assumption made at the start is
valid, we expect this potential to match the observational data for any value of the power-law,
unlike in the canonical case.
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These results explain the degeneracy between the potential normalization and λs found
numerically in Ref. [25], and also confirmed in some numerical analysis we have undertaken
ourselves that we display later. As the spectral index and tensor–scalar ratio match observa-
tions, the only parameter tightly constrained by observations is the potential normalization
in the ϕ representation. Hence we predict a perfect degeneracy A ∝ λs in the quadratic case
and A ∝ λ2s in the quartic case.
We can also now check the validity of the slow-roll assumption made to obtain these
solutions. Within the canonical frame, it is well known that the slow-roll approximation
X˜  V (ϕ) is valid. Hence V λsX  V , and hence λsX  1 as required for our original ap-
proximation in the Lagrangian. This shows the self-consistency of the slow-roll approximation
we have deployed. Nevertheless, it remains possible that there are other observationally-valid
solutions that do not obey the slow-roll condition; investigation of this would require a nu-
merical analysis.
5.2 DBI inflation with a quadratic potential
We now carry out a similar procedure for DBI inflation with a quadratic potential. Accord-
ing to Eq. (4.20), in which the first term is negligible compared to the second term (see
Appendix A), we can obtain an approximate slow-roll equation,
3Hϕ˙ ' −W
′
W
1
λs
(
1 +
m
4
αcsϕ
4−m
)
, α = Aλs . (5.10)
With the quadratic potential V˜ = Aϕ2 and the warp factor in form of W (ϕ), the Hubble
rate in Eq. (4.22) and the slow-roll equation in Eq. (5.10) for scalar field ϕ simplifies to
3H2 =
1
λscsϕ4
y , (5.11)
3Hϕ˙ ' 2
λsϕ
(1 + y) , (5.12)
y = 1 + αcsϕ
2 . (5.13)
We note that y > 1 since α > 0 always holds, so we can immediately obtain the parameters
δ and  as
δ =
ϕ˙
Hϕ
=
2
α
(
y + 1
y
)
(y − 1) , (5.14)
 =
ϕ˙2
2
1
H2
1
csϕ4
=
2
α
(
y + 1
y
)2
(y − 1) . (5.15)
We wish to find the relation between the field ϕ and the e-folds N via the relation
N = −
∫
Hdt = −
∫
dϕ
ϕ
1
ϕ˙
Hϕ
= −
∫
dϕ
ϕ
1
δ
. (5.16)
According to Eq. (5.13) we can derive the relation for dy and dϕ as,
dy
y − 1 = 2
dϕ
ϕ
(
1 +
1
2
s
δ
)
∼ 2dϕ
ϕ
, (5.17)
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where s is the small parameter defined in Eq. (2.9). To approximate the last term in
Eq. (5.17), we have used the relation6
s
2δ
=
s

y + 1
2y
<
s

 1 . (5.18)
Now we can obtain N under this approximation. Substituting Eq. (5.14) into Eq. (5.16) and
applying Eq. (5.17), we have
N = −α
4
∫
ydy
(y − 1)2(y + 1) , (5.19)
and its solution is,
8N
α
=
1
y − 1 +
1
2
ln
y + 1
y − 1 , (y > 1, cs ' 1) . (5.20)
For the quadratic potential V ∝ φ2 we will recover a relation for ϕ−2 = φ2 = 4N = 2mN
when y  1 according to the above equation. This is the slow-roll prediction for the quadratic
potential in canonical inflation, where the sound speed is exactly c2s = 1, and hence applies
if DBI inflation with a quadratic potential is approximated by canonical inflation.
Equation (5.20) is the general relation between the scalar field ϕ (or φ) and N . Note
that y can be either of order 1 or much greater, according to the calculation in Appendix B,
even when we impose the constraint c2s ∼ O(1).
We can write the Eq. (5.20) in terms of the Lambert W function as follows:
y = 1 +
2
θ(x)
= 1 +
2
W (ex+1)− 1 , (at cs ' 1) , (5.21)
where x = 16N/α. Therefore we can write the δ and  according to Eqs. (5.14) and (5.15)
δ =
8
α
W
W 2 − 1 , (5.22)
 =
16
α
W
W 2 − 1
W
W + 1
, (5.23)
N =
α
16
(1 +W + lnW ) . (5.24)
They imply  ∼ 1/N . We now can treat Eqs. (5.23) and (5.24) as parametric equations for
δ,  and 1/N , respectively, with parameter θ.
By denoting β = (1 + 1/W )2 we can also write
β =
{
1 , W  1⇐⇒ α 16N , (5.25)
4 , W → 1⇐⇒ α 16N . (5.26)
Since this quantity (ratio) is monotonically increasing to 4 with α, it will never contribute a
term like 1/N , so we can regard this ratio β as a ‘pseudo-constant’. Therefore according to
Eqs. (5.23) and (5.24) we represent the parameter θ as
θ = β
16
α
, θα ∼ 16βN , (5.27)
6The approximation s   cannot tell us c2s ∼ 1 even though s ∼ 0. However, in Appendix B we show
that we indeed have c2s ∼ O(1) if using the relation (5.17) for approximation.
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where the second relation is approximated by setting  ∼ 1/N for later convenience in
discussion. The parameters θ and α, due to the relation in Eq. (5.27), will be treated
interchangeably when we discuss the parameter constraints in a later section.
We will use these relations to generalise our conclusions below. So far we have completed
the slow-roll calculation for DBI inflation with a quadratic potential. Now we need to evaluate
the power spectrumPζ and its spectral index. According to Eq. (2.6) and the variables which
have been derived in Eqs. (5.11), (5.13), (5.22), (5.23) and (5.27), the power spectrum Pζ is
written as,
Pζ =
1
48pi2
1

α2
λs
θ
(
1 +
θ
2
)
=
1
96pi2
α3
λs
(W 2 − 1)2(W + 1)
W 2
, (5.28)
where N∗ is the e-folds number at the end of the DBI inflation. According to Eq. (5.27), the
power spectrum Pζ in Eq. (5.28) provided from the quadratic potential in DBI inflation can
also be rewritten in terms of  together with model parameters,
Pζ =
1
3pi2
(
β
A
2
+ 8β2
1
λs3
)
. (5.29)
We can see that the slow-roll prediction for the power spectrum has terms due to the scalar
potential denoted by its scale A, and the warp geometry denoted by the strength λs. This
is a new output from our slow-roll calculation, in comparison to the conventional approach
where the first term appears only. Since in that case the model has been always studied at
cs ∼ 1 initially, the DBI action is reduced to the canonical type, which no doubt will only
present a limited prediction that is the first term in our generalised equation in Eq. (5.29).
According to Eqs. (2.7) and (5.28), we obtain the spectral index as
ns − 1 = −(2+ η) . (5.30)
The spectral index here is exactly derived from Eq. (5.28). There is no significant contribution
from the derivatives of the sound speed, since cs ∼ 1 or from Eq. (5.18) which tells us that
the third parameter s is much less than . We only need to work out the second parameter
η via the result for , so that,
η =
W 2 −W + 2
W 2
 . (5.31)
Then by means of Eq. (2.7), we have the result for the spectral index,
ns − 1 = −3W
2 −W /3 + 2/3
W 2
, (W > 1) . (5.32)
However, this formula does not give a clear understanding of the spectral index, unlike the
one in Eq. (5.30). However, we can check that the relations for the spectral index will have
the same asymptotic behaviour (at cs ∼ 1)
ns − 1 =

− 2
N∗
W → 1⇐⇒ α 16N , (5.33)
− 3
N∗
W  1⇐⇒ α 16N , (5.34)
where one can derive the  as
 =

1
2N∗
W → 1⇐⇒ α 16N , (5.35)
1
N∗
W  1⇐⇒ α 16N . (5.36)
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Figure 2. Slow-roll predictions for the DBI inflation with quadratic potential and the Planck con-
straints on inflation models. [Based on an image from Ref. [2], original image credit ESA/Planck
Collaboration.]
Finally, in terms of (N, x;W (e1+x)), we present both the spectral index ns and the tensor-
to-scalar ratio r as,
ns = 1− 1
N
x
W − 1
3W 2 −W + 2
(W + 1)2
, (W > 1) , (5.37)
r =
16cs
N
x
W − 1
W 2
(W + 1)2
, (W > 1, cs ∼ 1) , (5.38)
where x = 16N/α, and the sound speed can be obtained from c2s = 1− 2/[3(W − 1)]. Since
x > 0 and W > 1, the spectral index is always red tilted. We can see that the prediction
for both ns and r are model parameter dependent, in view of α = M
2λs/2. DBI inflation,
however, does not provide a simple form for the spectral index ns and the tensor-to-scalar
ratio r as in previous models, where these quantities can be expressed as a function of the
variable set (n,m,N). This model has another variable α which can play an important role
in determining the value of ns and r.
These results, for the power spectrum in Eq. (5.29) and spectral index in Eq. (5.37), are
derived in the non-relativistic limit cs ∼ 1. Meanwhile, we can evaluate the following relation
23
24
<
W 2 −W /3 + 2/3
W 2
<
4
3
(W > 1) , (5.39)
which appeared in Eq. (5.32). Therefore we will have a leading contribution for the spectral
index ns − 1 = O() when the DBI inflaton field moves with cs ∼ 1.
Figure 2 shows the predictions against data. We see that for any available model pa-
rameter α DBI inflation has difficulties in providing the required observables, as the results
lie above the m = 2 canonical model which is coming under observational pressure, particu-
larly with N∗ = 50. But for larger pivot e-folds, for example N∗ = 60, the DBI model with
this quadratic potential has the possibility to match observations. Note incidentally that our
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θ or α 1N∗ (θ) (N∗) Pζ() Pζ(N∗) ns − 1 Domination
θ → 0 or α 16N∗ 8αθ 4αθ 12N∗ A2 ∝ AN2∗ − 42N∗ Scalar potential
θ  1 or α 16N∗ 16αθ 16αθ 1N∗ 1λs3 ∝
N3∗
λs
− 62N∗ Warp geometry
Table 1. Predictions for the observables in DBI inflation with a quadratic potential, in each limit for
θ. At other values of θ, the outcome is determined by both the scalar potential and the warp geometry
(see Eq. (5.28) or Eq. (5.29)). These results are obtained under the assumption in Eq. (5.17), which
requires the sound speed c2s ∼ O(1). Also note that θ = W − 1.
predictions meet those of natural inflation (the purple shaded region), which approach the
canonical quadratic case from below.
Our result is different from the result that ns − 1 = O(2) in Ref. [33]. The difference
between these results is that ours is in the cs → 1 limit, while theirs applies in the warp-factor
dominated regime of cs → 0, a limit in which we are able to reproduce their result. To show
this we start with the the Hubble parameter H2 and the sound speed c2s given by
3H2 =
1
ϕ4
y
λscs
,  =
3
2
1− c2s
y
. (5.40)
So at cs → 0, which also means y  1 if we focus on  1, according to Eq. (5.15) we have
the following approximate relations
3H2 ' 3
2λs
1
csϕ4
,  ' 3
2
1
y
, α =
3
2
. (5.41)
Therefore, according to Eqs. (2.6) and (2.7) we have
Pζ =
1
16pi2
1
λs2
1
c2sϕ
4
=
1
16pi2
1
λs2
α2
(y − 1)2 , (5.42)
ns − 1 = −
(
−2
′

− 2 y
′
y − 1
)
= 2
y′
y
1
y − 1 . (5.43)
Using the relation in Eq. (5.41), we can simplify them to be
Pζ =
1
4pi2
1
λs4
, (5.44)
ns − 1 = 4
3
η ∝ O(2) , (5.45)
since , η = −′/ = y′/y are of the same order. As this regime predicts that ns − 1 is very
close to one, it is under strong pressure from observations.
To summarise our results in the slow-roll approximation, we obtained formulae for the
power spectrumPζ in Eq. (5.28) or (5.29) and its spectral index ns in Eq. (5.30). We present
all the relations in each limit in Table 1.
Finally, it is worth mentioning that we can also make predictions for the case where
the sound speed c2s  1 in the same manner that we have just applied. We can obtain the
solution in this relativistic case, but the relation  = (N) is not obviously applicable from the
e-folds 2/(y2 − 1) ∝ W (N) which, according to Eq. (B.20), can be obtained from Eq. (5.16).
These models are subject to the non-gaussianity constraint that the sound speed be greater
than about 0.07 [40].
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6 Model Parameter Estimation
We now discuss parameter estimation for the models investigated in the previous sections.
Throughout this paper, the potential considered possesses only one free parameter. Since the
amplitude of the scalar power spectrum is accurately determined to be about 2.5×10−9 from
observational data, we can now estimate the model parameters for each case, for example
taking the pivot e-folds to be N∗ = 50.
6.1 Sum-separable models
We take the expression of the scalar power spectrum from Eq. (3.26) and apply a (base 10)
logarithm, giving
logA =
m
2n
[
−
6.53 + (1 + mβ ) logN + log(
β
m
√
2n− 1)
m
β
1
2n−1
− log
(
m6n−1
n
β2n−1
)]
. (6.1)
Note that the model parameter A denotes the amplitude appearing in the potential V (φ) =
Aφm = λpφ
m/m after the coefficient of the kinetic term has been rescaled to unity. For
example, for the quadratic potential A = M2/2 where M2 is the mass of field, while for the
quartic potential A = λ/4.
As an application of this formula, we consider the canonical inflation cases where n = 1
and m = 2, 4. Then we will obtain an estimate for the mass scale for the quadratic and
quartic potential respectively. Then
logM2 ' −10.2 , (6.2)
log λ ' −12.5 . (6.3)
For non-canonical inflation models, a similar analysis can be performed.
6.2 Tachyon models
For the Tachyon model, we consider the results in Section 4.1. From Eq. (4.9) we find the
relation between A and λs to be
log λs =
2
m
logA+ 2(A + B + C) + (1 + 2µ) log (2N) (6.4)
A = −µ log (12pi2 × 2.5× 10−9) = 6.53µ, B = logm+
(
1
2
+ µ
)
logµ, C = − 1
m
log cs .
The equation for C ∼ 0 above is approximate due to the condition 1/3 < cs < 1, and
particularly cs ∼ 1 if  1. Therefore, for the quadratic potential A = M2/2 ,m = 2 , µ = 1,
we can evaluate the parameters as,
log λs = log
M2
2
+ 19 + 2 log 2 ' logM2 + 19.3 . (6.5)
For the quartic potential, A = λ/4 ,m = 4 , µ = 3/4, the parameters are
log λs =
1
2
log
λ
4
+ 18.2 ' 1
2
log λ+ 17.9 . (6.6)
We have carried out a Monte Carlo Markov chain fit to the data through an extension of our
analysis in Ref. [18] and found results which are in agreement, shown in Figure 3. Similar
results can be found in Ref. [25].
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Figure 3. MCMC constraints on model parameters for the quadratic (left) and quartic (right)
tachyon cases. The exact degeneracy between the potential normalisation and the tachyon parameter
predicted by our analytic analysis is clearly seen.
6.3 DBI models
6.3.1 Quadratic potential
We only study the parameter estimation for the case of c2s ∼ 1, as in Section 5.2, as otherwise
that it is hard to find the required function  = (N). For this reason, for the quadratic
potential we present the results in the non-relativistic case only.
According to the results in Section 5.2, though the formulae for the power spectrum are
complicated, we can still approximate the value for α which encodes the scale of the potential
(A) and the strength of the warped geometry (λs). According to Eq. (5.28), the combined
contribution from these indicates that
θ ∼ 2 or α & 8N . (6.7)
Taking the logarithm of this relation (6.7) at the pivot scale N∗ = 50 we have the linear
equation
l ≡ logM2 + log λs ' 2.9 . (6.8)
The relation in Eq. (6.7) gives us two possibilities for the locations or choices for the model
parameters A , λs at some critical value such as α ∼ 8N∗. We will see according to Eq. (6.8)
and Eq. (4.22) that larger α implies a strong contribution from the scalar field potential. In
the other case, α smaller than the critical 8N∗, inflation will be dominated by the warped
geometry.
Recalling Table 1, we already have the relation between θ and e-folds N . Therefore
we can approximate the model parameter range, as presented in Table 2. This table also
indicates the value logm2+log λs ∼ 3 (or similar) should be found in parameter space. Above
this critical value DBI inflation will be dominated by the scalar field potential, while on the
other side the warp geometry will dominate.
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α logM2 + log λs Domination
α 8N∗ > 2.9 Scalar potential
α 8N∗ < 2.9 Warp geometry
Table 2. Constraints on the model parameters in DBI inflation with quadratic potential. The
model parameters, A and λs, are correlated along the line l := logM
2 + log λs. The parameter
α = Aλs = M
2λs/2, where M
2 is the mass scale of the scalar potential and λs the strength of the
warp factor.
6.3.2 Quartic potential
The power spectrum was obtained in Section 4.2.2. Following the discussion there, we can
approximate the prediction for model parameters at the N∗ = 50. We note that in this
case, although we can still constrain model parameters by requiring the correct amplitude
of density perturbations at the pivot scale, the models typically do not lie in the within the
95% confidence region of the ns–r plane.
? Non-relativistic case
According to Eq. (4.37) in the non-relativistic limit where cs ∼ 1
log λs − log(1 + α) ' 13.1 , (6.9)
for the parameter correlation. We can estimate the bound for each parameter with
different α. If α  1 then we can expect the low bound value for the strength λs for
warp factor,
log λs & 13.2 , (6.10)
while in the limit α  1, we will have the upper bound for strength λ of the scalar
potential,
log λ < −13.1 + log 4 ' −12.5 . (6.11)
This is the observational value for canonical inflation with a quartic potential.
? Relativistic case
Similarly we consider the case cs  1 from Eq. (4.42), obtaining
log λs ' 13.8 . (6.12)
Hence to have relativistic motion during inflation, the strength of the warp geometry
must take this value. We cannot see a relation for the parameter A for the potential
if we just consider the power spectrum in Eq. (4.42), but if we recall the footnote in
Section 4.2.2 when deriving Eq. (4.42), we have an asymptotic condition relevant to
both parameters A and λs:
αcs ∼ 1.5 , (6.13)
where  = 2/N in the relativistic case. So the asymptotic relation between λ and λs is
log λs + log λ ∼ log 3N∗
cs
' 2.2− log cs . (6.14)
We can evaluate this equation at some values of cs. For example, for cs ∼ 0.01, which
is of the same order as , we will have log λs + log λ ∼ 4.2.
All these parameter estimation cases have also been examined using MCMC methods, and
the results from our CosmoMC [44] exploration are presented in our companion paper II.
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7 Conclusions
In this paper we have developed and applied a systematic method for deriving observational
predictions in non-canonical single-field inflation models, using the slow-roll approximation
encoded as a differential equation for u = 1/ rather than as a set of slow-roll parameters.
We have given explicit calculations for several such models, including the Tachyon and DBI
cases, deriving observables such as the power spectrumPζ and its spectral index ns in terms
of e-folds N . For some models we also present the results in terms of slow-varying parameters
rather than N , when we are unable to explicitly solve the transcendental equation for  and
cs, for example in DBI inflation with quartic potential.
The use of field redefinition is another key methodology in this paper. It can simplify
the process of finding the solution for u, and in terms of the redefined scalar field the reshaped
potential can reveal the degeneracy of model parameters which includes both the strength
of the kinetic energy and the strength of the potential energy. By this method, in Tachyon
models we have obtained an explicit correlation of f and λ which has previously been found
only via numerical calculation. For the DBI inflation models, we have also obtained for the
first time a similar formula describing the correlations between its two model parameters,
though they are not as explicit as the relation in the Tachyon model.
While this method cannot give a full exact solution, as obtained either via non-slow-
roll approaches or by numerical exploration, it can nevertheless offer some advantages for
modelling inflationary cosmology. For one thing it may suggest to reconstruct the Lagrangian
which will potentially give an explicitly solvable relation for c2s = c
2
s (u). For another, it
can provide a quick parameter estimation since the power spectrum, which is accurately
determined from the observational data, is also formulated via slow-varying parameters. In
other words, given the Lagrangian or potential, by finding the p,Xϕ and then the variable
u, we can solve the power spectrum by Eq. (2.6) which constrains the model parameters
for the considered model. For some classes of inflation model, this process will be quite
straightforward, such as the sum-separable class where p,Xϕ = 0 and the product-separable
class where p,Xϕϕ
′/p,X = −2/u.
For DBI inflation models with different potentials, we adopted different approaches
due to their individual complexities. The DBI inflation with a quadratic potential, if not
immediately using limiting cases of cs, is the least tractable model in the current paper.
However we still found predictions for this case, though we have only presented in detail the
non-relativistic predictions for this potential. Additionally, in the relativistic case we have
obtained predictions matching those derived in the conventional manner using the field speed
limit cs = 0 [33]. Due to the irreversible relation for  = (N) from the e-folds integration
2/(y2 − 1) = W (N) we have not presented the details, but they can readily be computed if
one is interested in the application of the method. The case of DBI inflation with a quartic
potential is examined in both the non-relativistic and relativistic cases. For both models,
not only do we recover the same results as conventional treatments, but our analysis gives a
novel formula for the power spectrum, Eq. (5.29).
The proposed approach is not only able to address monomial potentials, but can also
be applied to models with other potentials. For future applications, reconstruction of the
inflation model will be an important direction. For the models we have described in this
paper, we hope the method will be useful in that more general context.
A benefit of considering non-canonical Lagrangians is that model predictions can be
in better agreement with current data than the canonical case, where even the quadratic
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potential is starting to come under pressure. We have affirmed previous results [18–20]
showing that the non-canonical Xn models give predictions that, for a given potential, are
in better agreement with data. In this article we have extended that conclusion to the
Tachyon models, most explicitly via the field redefinition approach which shows that under
slow-roll they are equivalent to canonical models with reshaped potentials of shallower slope,
as favoured by the data. For DBI models the situation is less promising; with a quadratic
potential the predictions in the non-relativistic limit, seen in Fig. 2, are further from scale-
invariance than the canonical case, while in the relativistic limit the cancellation of the
leading-order slow-roll correction noted in Ref. [33] places the model too close to scale-
invariance. In the quartic case the situation is even less promising. We conclude therefore
that DBI models with simple potentials are in significant tension with current data.
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A Validity of the Slow-roll Approximation for DBI inflation
Here we present further support for our calculations, notably the slow-roll approximation
made in this paper, for DBI models with different scalar potentials V (ϕ). For consistency
with the main body of this paper, we will only discuss the redefined scalar potential ϕ that
puts the Lagrangian into the form of Eq. (3.31), rather than the original φ.
A.1 Preliminaries
We carry out the proofs based on the modified equation of motion for DBI scalar field ϕ in
Eqs. (4.17) to (4.22). When considering the predictions under the slow-roll approximation,
according to Eq. (4.20),
ϕ¨
c2s
+ 3Hϕ˙+
W ′
W
1
λs
(
1 +
m
4
λscsV˜
)
= 0 , (A.1)
we assumed that the first term ϕ¨/c2s is negligible compared to the other terms, specifically
the second term 3Hϕ˙. We start our proof with the following equations,
3H2 =
1
λscsϕ4
P , P = 1 + αcsϕ
(4−m) , (A.2)
3Hϕ˙ ' 4
λsϕ
Q , Q = 1 +
m
4
αcsϕ
(4−m) = 1 +
m
4
(P− 1) , (A.3)
c2s = 1− λsϕ˙2 , α = Aλs , (A.4)
where the potential V˜ = Aϕ4−m and warp geometry W = 1/ϕ4 are taken to satisfy the
simplified equations above.
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A.2 Evaluation of the validity of the slow-roll approximation
We define a quantity E as
E =
ϕ¨/c2s
3Hϕ˙
. (A.5)
We aim to find a relation between E and a limited number, optimally one, of the small
parameters such as  defined above in Eq. (A.9), since it can be constrained to  ∈ (0, 1) by
observational data, and to prove whether the slow-roll approximation is sufficiently good for
DBI inflation by evaluating whether E/ is sufficiently small.
We need to work out some auxiliary parameters according to Eqs. (A.2), (A.3), and
(A.4) as follows:
Pˆ =
P˙
HP
=
(
s+ (4−m)δ
)P− 1
P
, (A.6)
Qˆ =
Q˙
HQ
=
(
s+ (4−m)δ
)Q− 1
Q
, (A.7)
δ =
ϕ˙
Hϕ
= 4csϕ
2Q
P
, (A.8)
 = − H˙
H2
= −1
2
(
Pˆ− s− 4δ
)
, (A.9)
η˜ =
ϕ¨
Hϕ˙
= Qˆ + − δ , (A.10)
s =
c˙s
Hcs
= −1− c
2
s
c2s
ϕ¨
Hϕ˙
= −1− c
2
s
c2s
η˜ . (A.11)
Combining Eqs. (A.9) and (A.10), and replacing Pˆ, Qˆ by Eqs. (A.6) and (A.7), we obtain
η˜ = 3δ + s− +
(
s+ (4−m)δ
)Q−P
PQ
= Mδ − + s
(
1 + Λ
)
, (A.12)
M =
(
3 + (4−m)Λ
)
, Λ =
Q−P
PQ
. (A.13)
According to Eq. (A.9) we can denote δ as,
δ =
2
N
− 1
PN
s , N = m+ (4−m) 1
P
, (A.14)
and further by replacing parameter s in terms of η˜ via Eq. (A.11) we can reach the formula
for η˜ in terms of , c2s and P,
η˜
c2s
=
2MN − 1
1 + (1− c2s )(Λ− MN 1P)
 . (A.15)
Note N is different from the e-folds number N . Recalling the definition of E we can relate it
to the above equation,
η˜
c2s
≡ ϕ¨/c
2
s
Hϕ˙
= 3E , (A.16)
and therefore we find it to be
E =

3
2M/N− 1
1 + (1− c2s )(Λ−M/NP)
. (A.17)
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We have a relation between  and 1− c2s coming from the definition of  in Eq. (A.9),
 =
3
2
1− c2s
P
. (A.18)
Thanks to this we can simplify our prediction for E to
E =

3
2MN − 1
1 + 23(PΛ− MN )
. (A.19)
Instead of Λ and M/N we introduce ∆ = PΛ as well as Γ = M/N. We can obtain the new
quantities as
∆ =
Q−P
Q
=
m− 4
m+ 4P−1
, (A.20)
Γ =
M
N
=
3 + ∆ (4−m)P
m+ (4−m)P
, (A.21)
Γ−∆ = 3−m∆
m+ 4−mP
, (A.22)
and so we can write Eq. (A.19) in a new form,
E =
2
3
Γ− 12
1− 23(Γ−∆)
. (A.23)
It is still not easy to interpret E, so we need to simplify this equation. We introduce a useful
new transformation defined by
θ =
2
P− 1 , (θ > 0) , (A.24)
and then we write the Γ, ∆ as,
∆ =
m− 4
m+ 2θ
, (A.25)
Γ =
1
2
6θ2 − (m2 − 11m+ 4)θ + 6m
(m+ 2θ)2
. (A.26)
We now introduce two functions,
F(θ;m) = Γ− 1
2
=
1
2
2θ2 − (m2 − 7m+ 4)θ − (m2 − 6m)
(m+ 2θ)2
, (A.27)
G(θ;m) = Γ−∆ = 1
2
6θ2 − (m2 − 7m− 12)θ − 2(m2 − 7m)
(m+ 2θ)2
, (A.28)
so that we can simplify Eq. (A.23) further to
E =
2
3
F(θ; m)
1− 23 G(θ; m)
. (A.29)
We define a transformation
x =
1
m+ 2θ
, (A.30)
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which is defined either in the domain (0, 1/m) if m > 0, or in (1/m,∞) if m < 0.7 Then we
have the following elegant representations
F(x;m) =
m(m− 4)2
4
x2 − (m− 1)(m− 4)
4
x+
1
4
, (A.31)
G(x;m) =
m(m− 4)2
4
x2 − (m+ 3)(m− 4)
4
x+
3
4
. (A.32)
Therefore we can now reformulate the ratio E in Eq. (A.29) to,
E =
2
3
F(x; m)
1− 23 G(x; m)
. (A.33)
The potential need not necessarily have m > 0. The relation in Eq. (A.33) is the function
which we sought and is needed for evaluating the validity of the slow-roll approximation in
DBI inflation models. Now we want to know whether there is any chance of |E|  1.
To explore this, we need Eq. (A.33) and the following inequality, due to the fact that the
inequality |F(x;m)| ≤ |G(x;m)| always holds,
E <
2
3 G(x; m)
1− 23 G(x; m)
. (A.34)
Then we will have,
E
{
 1 , (∣∣23 G(x;m)∣∣ 1) , (A.35)
' −1 , (∣∣23 G(x;m)∣∣ 1) . (A.36)
Further we need to check if there is any singularity, for example 1 − (2/3)G(x;m) = 0 in
Eq. (A.33). We can investigate the boundary values for the function G(x;m) by expressing
this function G(x;m) as
G(x;m) =
m
4
(
(m− 4)x− 1
2
m+ 3
m
)2
− (m− 3)
2
16m
. (A.37)
Now we investigate in detail under what condition the function E will be less than, for
example 10×  . 0.1. In other words, under what condition will the slow-roll approximation
still be valid if we use the approximation in Eq. (A.3). The conclusion is determined by the
potential we choose for a particular DBI inflation model. So we examine the possibilities in
view of a potential with m > 0 below.
? 0 < m < 4
Considering the potential V ∝ φm where 0 < m < 4, in turn for the domain x ∈
(0, 1/m) we will have the relation for the stationary point x0 =
1
m
m+3
2(m−4) ,
x0 < xD− < xD+ , (A.38)
where xD− = 0 is the left boundary, while xD+ = 1/m is the right boundary. Therefore
the lower bound for this function is G(xD− ;m). The upper bound is located at x→ 1/m
denoted by G(1/m;m),
G
∣∣∣
min
= G(0,m) ≡ 3
4
, (A.39)
G
∣∣∣
max
= G(
1
m
,m) =
7
m
− 1 . (A.40)
7In this case a divergence will happen when 2θ = −m because of θ > 0.
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As 0 < m < 4 we can give the boundary values by the inequalities,
G
∣∣∣
max
> 6 , (0 < m < 1) , (A.41)∈ (3
4
, 6] , (1 ≤ m < 4) . (A.42)
Equation (A.41) implies that we will have
G(x;m) =
3
2
, (A.43)
which gives
m =
14
3 + 2
. (A.44)
Assuming  ∼ 0.01, this condition tells us the singularity will occur if m is of order
m  O(0.05), and then the slow-roll approximation will be violated in DBI inflation
with a single-term polynomial potential V = Aφm. In turn, it also suggests that if
1
20
< mc < 4 , (A.45)
we can still use the slow-roll approximation.
? m > 4
We can just re-use the relation in Eq. (A.38),
xD− < x0 < xD+ , (A.46)
so that the lower bound is G(x0;m) and the upper bound is G(xD− ;m) ≡ 3/4. Then
we check the lower bound for G(x0;m),
G(x0;m) = −(m− 3)
2
16m
< 0 , (A.47)
and also we need the relation for both functions F(x;m), G(x;m) by using Eqs. (A.27)
and (A.28),
F = G + ∆− 1
2
, (A.48)
is roughly around G since m > 4 even m 4. The value of |E| in this case will be in
the range of the case Eq. (A.35).
To conclude, we only require m > 1/20 for the model to satisfy the slow-roll approximation
for DBI inflation. For m > 4 we can conclude that the steeper the potential, the more secure
the slow-roll approximation.
A.3 Validity for particular scalar potentials
Since we are interested in a few simple models, such as the quadratic potential with m = 2
and the quartic potential where m = 4, we will discuss the validity for these cases.
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A.3.1 Quadratic potential
For the quadratic potential we can write down the range for F and G as
F(x;m) = 2x2 +
x
2
+
1
4
∈
(
1
4
, 1
)
, (A.49)
G(x;m) = F(x;m) + 2x+
1
2
∈
(
3
4
,
5
2
)
x ∈
(
0,
1
2
)
. (A.50)
So we can evaluate E according to the Eq. (A.33), as
|E| =
∣∣∣2
3
F
1− 23 G
∣∣∣ < F , (A.51)
due to  1 during inflation.
A.3.2 Quartic potential
The quartic potential has m = 4, leading to the results
F ≡ 1
4
, (A.52)
G ≡ 3
4
x ∈
(
0,
1
4
)
. (A.53)
So we will have a simple formula for E according to the Eq. (A.33), as
E =

6
1
1− /2 ∈
( 
6
,

3
)
, (A.54)
due to  1 during inflation.
A.4 Summary
In our consideration of DBI inflation (2.4) with polynomial potential form V (ϕ) = Aϕ4−m,
corresponding to V (φ) = Aφm, both Eq. (A.51) and Eq. (A.54) show that the slow-roll
approximation is valid for obtaining results. Also, through the analysis, we have not assumed
anything about the sound speed cs; this suggests that even in the limit of cs  1, the slow-roll
approximation retains its validity in calculating observables such as the power spectrum and
its spectral index.
B s/2δ for DBI inflation with a Quadratic Potential
In this subsection, we present slow-roll calculations for observables in DBI inflation with the
quadratic potential. We start from the slow-roll assumptions
3Hϕ˙ ' 2
λsϕ
(1 + y) , 3H2 =
1
λscsϕ4
y , (B.1)
y = 1 + αcsϕ
2 , c2s = 1− λsϕ˙2 , (B.2)
α = Aλs , (B.3)
for the quadratic potential in DBI inflation.
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First we present some definitions for a list of small parameters (some of which are
derived in terms of y in Section 5.2), as follows:
δ =
ϕ˙
Hϕ
=
2
α
y2 − 1
y
, (B.4)
 = − H˙
H2
= δ
y + 1
y
=
2
α
y2 − 1
y
y + 1
y
, (B.5)
η˜ =
ϕ¨
Hϕ˙
= δ − +
(
2y2
y2 − 1 − 1
)
ξ , (B.6)
s =
c˙s
Hcs
= −1− c
2
s
c2s
ϕ¨
Hϕ˙
= −1− c
2
s
c2s
η˜ , (B.7)
ξ =
y˙
Hy
=
y˙
H(y − 1)
y − 1
y
= (s+ 2δ)
y − 1
y
, (B.8)
 =
3
2
1− c2s
y
. (B.9)
The last equation is the general form of  for DBI inflation models, independent of the
potential. By substituting Eq. (B.8) into Eq. (B.6) and then into Eq. (B.7), the parameters
η˜ and s can be written as
η˜ = δ − + y
2 + 1
y(y + 1)
(s+ 2δ) , (B.10)
s = −1− c
2
s
c2s
(
δ − + y
2 + 1
y(y + 1)
(s+ 2δ)
)
. (B.11)
We define an auxiliary variable z = |s/2δ|. According to Eqs. (B.4), (B.5), (B.7), (B.9), and
(B.11), we can write
z =
∣∣∣∣∣∣−12
2y2−y+1
y(y+1)
c2s
1−c2s +
y2+1
y(y+1)
∣∣∣∣∣∣ = f(y)g(c2s ) + h(y) , (B.12)
where we have defined the positive functions
f(y) =
2y2 − y + 1
2y(y + 1)
, h(y) =
y2 + 1
y(y + 1)
, g(c2s ) =
c2s
1− c2s
. (B.13)
The function f(y) is monotonically increasing as the y ∈ (1,∞), and g(c2s ) is also a mono-
tonically increasing function in c2s ∈ (0, 1]. Meanwhile h(y) is monotonically decreasing in
y ∈ (1, 1 +√2) then increasing afterwards in y ∈ (1 +√2,∞). The extremal values for f(y)
and h(y) are
f(y)
∣∣∣
min
= h(y = 1) = 0.5 , (B.14)
f(y)
∣∣∣
max
= h(y →∞) = 1 , (B.15)
h(y)
∣∣∣
min
= h(y =
√
2 + 1) = 2(
√
2− 1) ∼ 0.828 , (B.16)
h(y)
∣∣∣
max
= h(y = 1) = h(y →∞) = 1 , (B.17)
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in the range of y ∈ (1,∞). The only singularity which may occur is located in the term
g(c2s ) = c
2
s/(1− c2s ).
We now study two limits of the sound speed c2s .
? c2s ∼ 1
In this limit, as g(c2s ) 1 ≥ h(y) we have,
z = lim
c2s→1
f(y)
g(c2s ) + h(y)
 1 . (B.18)
We have used that both two functions f, h are bounded in a limited range whatever the
value of y ∈ (1,∞). Hence we can make the approximation in Eq. (5.17) in Section 5.2.
Under this approximation, we conclude that
z  1 , (B.19)
is always true while c2s ∼ O(1).
? c2s  1
In this limit, g(c2s ) is much less than one and can even be zero. As g(c
2
s ) < h(y) we can
approximate z as
z ' f(y)
h(y)
=
2y2 − y + 1
2(y2 + 1)
. (B.20)
We find that z ∈ (0.5, 1) while y ranges from (1,∞). Therefore in Eq. (5.17) in Sec-
tion 5.2, this ratio is comparable to the assumed leading term 1. To study the model
observables in this case, we cannot use the results which have been obtained in Sec-
tion 5.2. Instead we need to include this ratio in Eq. (5.17).
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